Quantum phase transitions in the Kondo-necklace model: Perturbative
  continuous unitary transformation approach by Hemmatiyan, S. et al.
ar
X
iv
:1
11
2.
57
83
v2
  [
co
nd
-m
at.
str
-el
]  
3 A
pr
 20
15
Quantum phase transitions in the Kondo-necklace model:
Perturbative continuous unitary transformation approach
S. Hemmatiyan,1, 2 M. Rahimi Movassagh,3, 2 N. Ghassemi,1, 2 M. Kargarian,4 A. T. Rezakhani,2 and A. Langari2
1Department of Physics, Texas A&M University, College Station, TX 77843-4242, USA
2Department of Physics, Sharif University of Technology, Tehran 14588-89694, Iran
3Department of Physics and Astronomy, McMaster University, Hamilton, ON L8S 4M1, Canada
4Department of Physics, Ohio State University, 191 West Woodruff Ave, Columbus, OH 43210, USA
(Dated: November 8, 2018)
The Kondo-necklace model can describe magnetic low-energy limit of strongly correlated heavy fermion
materials. There exist multiple energy scales in this model corresponding to each phase of the system. Here, we
study quantum phase transition between the Kondo-singlet phase and the antiferromagnetic long-range ordered
phase, and show the effect of anisotropies in terms of quantum information properties and vanishing energy
gap. We employ the “perturbative continuous unitary transformations” approach to calculate the energy gap and
spin-spin correlations for the model in the thermodynamic limit of one, two, and three spatial dimensions as well
as for spin ladders. In particular, we show that the method, although being perturbative, can predict the expected
quantum critical point, where the gap of low-energy spectrum vanishes, which is in good agreement with results
of other numerical and Green’s function analyses. In addition, we employ concurrence, a bipartite entanglement
measure, to study the criticality of the model. Absence of singularities in the derivative of concurrence in two
and three dimensions in the Kondo-necklace model shows that this model features multipartite entanglement.
We also discuss crossover from the one-dimensional to the two-dimensional model via the ladder structure.
PACS numbers: 75.10.Jm, 75.30.Mb, 75.30.Kz, 75.40.Mg
I. INTRODUCTION
Strongly correlated systems typically have various com-
peting energy scales driving system into a variety of phases.
At zero temperature, two different phases are separated by a
quantum critical point, and essentially quantum fluctuations
lead to a quantum phase transition (QPT),1 where a macro-
scopic change occurs in physical properties of system. The
role of correlations, either classical or quantum, between un-
derlying degrees of freedom is a key to understanding QPTs.
Entanglement is a measure of nonlocal correlations of quan-
tum many-body states. Entanglement is a versatile quan-
tity intensively studied in quantum information theory and
strongly correlated systems providing an exchange of ideas
between the two apparently distinct fields. Indeed, entangle-
ment has been recognized as an essential resource in quantum
computation and communication2. Ideas based on entangle-
ment lead to distinguish criticality from off-criticality in one
dimension3, and conclude area law scaling of entanglement
entropy4 and topological sub-leading term5,6.
The Kondo lattice model7 is one of promising models in
the study of strongly-correlated heavy fermion compounds8,
where partially filled shells (f ) are screened by outer shells (s
or p). Inner shells are localized, and can be effectively char-
acterized by magnetic impurities located in the electron gas
of outer shells. In the presence of strong interaction between
magnetic impurities and electron gas, a more simplified ver-
sion of the Kondo lattice, namely the Kondo-necklace (KN)
model9 arises. The phases of this model in the spatial dimen-
sions d = 1, 2, and 3 have been studied by different meth-
ods. While Monte Carlo10 and density-matrix renormalization
group11 (DMRG) results confirm the absence of QPT in one
dimension, a phase transition between the antiferromagnetic
and Kondo-singlet phases occurs in higher dimensions.
Here we study QPT(s) of the anisotropic KN model in
the spatial dimensions d = 1, 2, and 3 by employing
the perturbative continuous unitary transformations (PCUT)
method12,14–16. The extreme limit of the model, where the
interactions between dimers are suppressed, is characterized
as isolated dimers, i.e., a Kondo-singlet state. The ground
state is a liquid of singlet states and excited states are equally
separated. Due to the latter point, the model is well suited to
the PCUT method, where the inter-dimer interaction is treated
perturbatively. The method also allows us to study the system
at the thermodynamic limit and no finite-size scaling effect
is needed. Moreover, in contrast to other numerical methods,
we can obtain energy of states analytically as a function of
Hamiltonian parameters. It helps us find some other underly-
ing phase transition witnesses such as concurrence (from cor-
relation functions that could be calculated from derivatives of
the ground-state energy with respect to Hamiltonian parame-
ters). In addition to the above advantages, we do not need to a
priori know eigenstates of the system in order to find energy
spectrum of the system—the energies are calculated indepen-
dent of finding the eigenstates of the system. And, in this
method, fortunately there is no dimensional restriction (which
obstructs some other numerical methods). Indeed, we can use
this method for arbitrary dimensions and system sizes.
We further characterize the QPT by using “concurrence”17
as a measure of entanglement between a pair of spin-1/2 par-
ticles. The entanglement properties of the one-dimensional
KN model with a few sites have already been addressed in
the literature18. In the current work, we consider the thermo-
dynamic limit via PCUT and probe phase transitions in spa-
tial dimensions d = 1, 2, and 3. Despite its local nature,
nonanalytic behavior of derivatives of concurrence signals a
phase transition in the system, and its scaling in the vicinity
of critical points is connected to the universality class of the
2model19–21. We will show that concurrence does not capture
the critical properties of the KN model at the mentioned spa-
tial dimensions, manifesting that the underlying correlations
are not of the bipartite nature. Although our model has contin-
uous symmetry, the absence of bipartite correlations is similar
to the DMRG results22 for the one-dimensional model with
discrete symmetry. However, the critical points detected by
the gap closing points are in good agreement with the mean-
field theory analysis23–25 and the Green’s function approach26.
Moreover, we discuss crossover from the one-dimensional
model to the critical two-dimensional model via the ladder
geometry. Despite the spin-1/2 antiferromagnetic Heisen-
berg model which reveals even/odd universality classes for
the n-leg ladder27, we observe that seemingly an n-leg KN
model belongs to the two-dimensional universality class. Our
conclusion is based on the 4th order PCUT approach, which
necessitates more investigations on different aspects of the
crossover between one and two spatial dimensions.
This article is organized as follows. In Sec. II, the PCUT
method is briefly reviewed. In Sec. III, the explicit expression
for the ground-state energy and excitation spectrum of the KN
model are derived by the PCUT method, which are next used
to study the QPT of the model in Sec. IV. The article is con-
cluded by a summary and discussion of our results.
II. PERTURBATIVE CONTINUOUS UNITARY
TRANSFORMATION (PCUT)
The number of examples of strongly correlated systems
with exact solutions (exact ground state, excitation spectrum,
and correlation functions) is rather rare, thus one often needs
to resort to numerical methods to obtain (an approximation
of) the physical properties of these systems. One of these
exact methods—introduced independently in the contexts of
condensed matter and quantum chromodynamics problems—
to diagonalize a Hamiltonian properly, regardless of system
size, is the continuous unitary transformation14–16. In this ap-
proach, the Hamiltonian is considered as a function of a flow
parameter ℓ. The Hamiltonian is transformed to a simpler
form (diagonal or band-block diagonal) under a flow equation,
which is based on applying infinite numbers of infinitesimal
unitary transformation.
Let us define the Hamiltonian H(ℓ) as a function of a
continuous parameter ℓ, where H(0) is the bare Hamilto-
nian and H(∞) is the final (block-) diagonalized effective
Hamiltonian. The evolution of the Hamiltonian in terms of
the continuous unitary transformation is given by H(ℓ) =
U(ℓ)H(0)U †(ℓ), or equivalently by
dH(ℓ)
dℓ
= [η(ℓ), H(ℓ)], (1)
whereU(ℓ) is a unitary transformation, and the anti-Hermitian
operator η(ℓ) = (dU/dℓ)U † is the generator of this trans-
formation. There are several choices for η(ℓ) which depend
on the Hamiltonian and the possibility to find a closed form
for the transformation. For instance, Wegner14 considered
H(ℓ) = Hd(ℓ) + Hnd(ℓ) where Hd is the diagonal part of
Hamiltonian in a specified basis, and Hnd is the correspond-
ing off-diagonal part, and suggested
η(ℓ) = [Hd(0), H(ℓ)]. (2)
However, this choice does not lead to an analytic solution
for all models when ℓ → ∞. Moreover, Wegner’s choice
mixes the blocks of the Hamiltonian during the transforma-
tion if the original Hamiltonian is block-diagonal. To over-
come this problem, Mielke28 proposed a generator to preserve
the band-diagonal form of the initial Hamiltonian, and ac-
cordingly Knetter and Uhrig introduced PCUT12. In this ap-
proach, the original Hamiltonian is decomposed to two parts
H(0) = H0 + λHs, where the unperturbed Hamiltonian is
H0 = Hd(0), andHs represents the off-diagonal part at ℓ = 0
which is considered as a perturbation forH0. The generator of
transformation is obtained order by order in terms of the per-
turbation parameter λ. The off-diagonal part evolves to reach
the ℓ =∞ effective Hamiltonian.
PCUT has two prerequisites: i. the unperturbed Hamilto-
nian (H0) needs to be composed of equidistant energy levels
which are bounded from below; ii. the perturbing Hamiltonian
(Hs) should be written as Hs =
∑N
n=−N Tn (for N < ∞),
where Tn increases or decreases the energy quanta of the spec-
ified levels of H0, i.e., [H0, Tn] = nTn.
We note that the spectrum of H0 can be labeled with the
eigenvalues of the quasiparticle number operator Q. For ex-
ample, in the KN model (see below), the ground state is the
product of singlet states, and excitations are local triplets on
each site. Hence, the number of the triplets is given by the
quasiparticle operatorQ. Clearly, the Tn operators with n 6= 0
connect distinct sectors with different quasiparticle number,
and T0 spreads quasiparticle within each sector. The origi-
nal Hamiltonian H can be replaced with an effective one Heff
which conserves the number of quasiparticles. The Hamilto-
nian Heff is obtained by continuous unitary transformation;
that is, Heff = H(∞) (satisfying [H(∞), Q] = 0)12,13. Be-
cause of the conservation relation, one can rewrite
Heff =
∑
q∈N
Heff|q, (3)
where Heff|q denotes the restricted operator acting on a sub-
space of the Hilbert space spanned by the q-quasiparticles.
Therefore we can study each sector defined by the number
of quasiparticles.
In order to obtain Heff , we follow the formalism developed
by Uhrig and Knetter,12, where the generator of the transfor-
mation is defined by
η(ℓ) =
∞∑
k=1
λk
∑
|m|=k
sgn[M(m)]F (ℓ;m)T (m), (4)
where k is the order of perturbation, F (ℓ;m) are real-valued
functions obtained by some recursive differential equations12,
M(m) =
∑k
i=1mi, and m denotes a sequence of quanta la-
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FIG. 1. One-dimensional KN model. Solid and gray circles denote,
respectively, spins of itinerant and localized electrons.
bels
m ≡ (m1,m2,m3, . . . ,mk),
mi ∈ {0,±1,±2, · · · ±N},
(5)
and
T (m) ≡ Tm1Tm2Tm3 . . . Tmk . (6)
Note that |m| = k implies the summation over all possible
configurations of a sequence with k members, and M(m) is
the total number of energy quanta created or annihilated by
T (m). Thus the Hamiltonian is given in the following form:
H(ℓ) = H0 +
∑
k
λk
∑
|m|=k
F (ℓ;m)T (m). (7)
We remind that η(ℓ) of Eq. (4) keeps only those processes
that conserve the number of quasiparticles and eliminates all
parts of H changing the number of quasiparticles12,13.
To obtain a final diagonalized Hamiltonian, the number of
energy quanta created or annihilated at ℓ → ∞ must be zero.
Therefore, we can write the effective Hamiltonian as
Heff = lim
ℓ→∞
H(ℓ) = H0+
∞∑
k=1
λk
∑
|m|=k,M(m)=0
C(m)T (m),
(8)
where C(m) ≡ F (∞;m). The solution of the flow equation
(1) for the generator given by Eq. (4) and the Hamiltonian
defined in Eq. (7) leads to the coefficients C(m). Hence, the
effective Hamiltonian is obtained perturbatively as a sum of
different orders of perturbation.
III. PCUT FOR THE KONDO-NECKLACE (KN) MODEL
The anisotropic KN model on a hypercubic lattice is defined
by the following Hamiltonian:
H =J0
L∑
i=1
(
sxi τ
x
i + s
y
i τ
y
i +∆s
z
i τ
z
i
)
+ J
∑
〈i,j〉
(
ηxτ
x
i τ
x
j + ηyτ
y
i τ
y
j + ηzτ
z
i τ
z
j
)
, (9)
where τi is the spin of itinerant electrons on the d-dimensional
hypercubic lattice with Ld sites, si is the spin of localized
electrons connected to each lattice point, 〈i, j〉 represents the
nearest neighbor sites on the lattice, and J0 and ∆ are, respec-
tively, the local exchange coupling and anisotropy parameters.
Here J and ηµ are the exchange and anisotropy couplings on
the lattice, respectively. The one-dimensional lattice is shown
in Fig. 1, from whence the two- and three-dimensional cases
can also be easily understood (see Fig. 2). We have consid-
ered the fully anisotropic case, which enables us to study the
anisotropy effects as well to obtain the correlation functions
via introducing a generating function. For simplicity, we de-
fine λ = J/J0 and set J0 = 1.
To apply PCUT, we consider the following decomposition
of the Hamiltonian:
H = H0 + λHs, (10)
where
H0 =
∑
i
si · τi, (11)
Hs = α
∑
i
szi τ
z
i +
∑
〈i,j〉
(ηxτ
x
i τ
x
j + ηyτ
y
i τ
y
j + ηzτ
z
i τ
z
j ),
(12)
in which α = (∆ − 1)/λ. The anisotropic part of the local
interactions are considered in the perturbing part Hs in order
to have an equidistant spectrum for H0 (the first prerequisite
of PCUT). The ground state of H is a Kondo-singlet state for
J0 ≫ J which justifies λ to be small. In other words, we trace
the quantum phase transition from the Kondo-singlet phase for
which λ is a small parameter. The Kondo-singlet state is the
ground state of the unperturbed Hamiltonian H0, which is a
product of singlet states on local dimers (τi-si pair).
Moreover, the spectrum of a local dimer is composed of a
singlet and triplet state representing two quanta, 0 and 1, re-
spectively. Thus the effect of Hs on two neighboring singlet
states changes the quanta by n ∈ {0, 1, 2}, which provides
the same coefficients C(m) derived in Ref. 12 for our calcu-
lations, too.
A. Tn operators
To obtain Heff , we need to calculate the T (m) operators
which essentially define the effect of Hs on a base ket. In the
case that the Hamiltonian is composed of two-body interac-
tions, the effect of Hs can be represented by its effect on two
neighboring dimers, i.e.,
Hs =
∑
〈i,j〉
Hi,js . (13)
A dimer is a pair of τi spin and its corresponding neighbor-
ing impurity spin si, which can be in a singlet or triplet state
configurations. Accordingly, the effect of Hi,js on two neigh-
boring dimers 〈i, j〉 may change the quantum number of the
state by n = 0,±1,±2, which is represented by qn (see Ap-
pendix A). Therefore, the pair Hamiltonian of Hs is written in
4TABLE I. The GSE per site for the one-dimensional KN model with
(ηx, ηy , ηz) = (1, 1, 0) and ∆ = 1. A comparison between the 4th
order PCUT and Lanczos results (up to 8-digits of accuracy) is given
by the relative error |ǫLanczos − ǫPCUT|/ǫLanczos .
λ ǫLanczos ǫPCUT relative error
0 −0.37500000 −0.37500000 0
0.1 −0.37531250 −0.37531250 0.00000000
0.2 −0.37624999 −0.37625000 0.00000003
0.3 −0.37777517 −0.37781250 0.0001
0.4 −0.37999946 −0.38000000 0.000001
0.5 −0.38281007 −0.38281250 0.000006
0.6 −0.38631563 −0.38625000 0.0002
0.7 −0.39040284 −0.39031250 0.0002
0.8 −0.39496177 −0.39500000 0.0001
0.9 −0.40020219 −0.40031250 0.0003
1 −0.40611293 −0.40625000 0.0003
the following form:
Hi,js =α(τ
z
i s
z
i + τ
z
j s
z
j ) + ηxτ
x
i τ
x
j + ηyτ
y
i τ
y
j + ηzτ
z
i τ
z
j
= q−2 + q−1 + q0 + q1 + q2. (14)
Two neighboring dimers can take 16 configurations depending
on that the configuration of each dimer is a singlet or triplet
state (see Table V of Appendix A). The translational symme-
try of the Hamiltonian allows to use Table V for any pair of
neighboring dimers. According to Eq. (13), the perturbing
Hamiltonian Hs is written in terms of a sum over the qn oper-
ators. For example, in the one-dimensional model consisting
of L dimers with periodic boundary condition, we have
L∑
i=1
Hi,i+1s =
L∑
i=1
q−2 +
L∑
i=1
q−1 +
L∑
i=1
q0 +
L∑
i=1
q1 +
L∑
i=1
q2
= T−2 + T−1 + T0 + T1 + T2. (15)
Here Tn is the sum of qn operators on all bonds which con-
nects two neighboring dimers on the lattice. One can also see
that some of the C(m) coefficients in the effective Hamilto-
nian vanish for some subtle reasons.
B. Ground-state energy
According to PCUT, the ground-state energy (GSE) is given
by 〈0|Heff |0〉, where Heff is given in Eq. (8), and |0〉 is the
direct product of singlet states over all dimers. We have
calculated the GSE per spin (ε = E0/(2Ld)) for the fully
anisotropic model and on d-dimensional hypercubic lattice up
to the 4th order of perturbation. Note that there are two spins
(τ , s) corresponding to each lattice point, τ on the hypercubic
lattice and s a local spin. Moreover, the following result is
J J J
s
s
s
ττττ
J’
J’
J J J0 0 0 0J
l=1
l=3
l=2
FIG. 2. Three-leg KN ladder. Solid and gray circles denote, respec-
tively, spins of itinerant and localized electrons.
valid for a lattice in the thermodynamic limit (L→∞):
ε =− 3
8
− (2αd)
2
λ− dλ
2
4
(η2x + η
2
y + η
2
z)
+
d
4
λ
3
(
− 3ηxηyηz + 2(2αd)(η2x + η2y)
)
+
d
16
λ
4
(
(4d− 1)(η2x + η2y + η2z)2 − 4η2z(η2x + η2y)
− 4η2xη2y − 4(4d− 3)(η4x + η4y + η4z)
− 16(2αd)2(η2x + η2y) + 32(2αd)ηxηyηz
)
, (16)
where λ = λ/4. The first term in the above equation is the sin-
glet GSE (i.e., the zeroth-order value). We have compared the
PCUT results with the results of the Lanczos diagonalization
for the one-dimensional isotropic case in Table I. The Lanc-
zos computations have been done on several lengths up to 24
spins (L = 6, 8, 10, 12), where we found a small finite-size
dependence. This indicates that the model with 24 spins is al-
ready large enough to be exhibiting a reliable approximation
of the thermodynamic limit. The last column in Table I shows
the error of the PCUT results compared with the Lanczos re-
sults, where the maximum error is less than 0.1% for λ = 1. It
confirms that the PCUT results are reliable as long as λ < 1.
We have also made a similar comparison for other values of
anisotropies, which essentially gives the same conclusion.
We have also calculated the GSE of the KN model on a lad-
der, which is a quasi one-dimensional model. A three-leg lad-
der is shown in Fig. 2. This is important to study the crossover
between one- and two-dimensional systems. The n-leg KN
ladder is a set of n KN chains which interact via the τ -spins
as given by the following Hamiltonian:
H =J0
L∑
i=1
n∑
j=1
sij · τij (17)
+ J
L+1∑
i=1
n∑
j=1
(ηxτ
x
ijτ
x
i+1,j + ηyτ
y
ijτ
y
i+1,j + ηzτ
z
ijτ
z
i+1,j)
+ J ′
L∑
i=1
n−1∑
j=1
(η
′
xτ
x
ijτ
x
i,j+1 + η
′
yτ
y
ijτ
y
i,j+1 + η
′
zτ
z
ijτ
z
i,j+1),
where the local term is isotropic, the anisotropy parameters
along the chain direction are given by ηα, and the anisotropy
5along the rung direction is represented by η′α. The exchange
interaction along the rungs is J ′, and we define x = J ′/J .
The periodic boundary condition is assumed along the leg di-
rection, while the boundary condition is open along the rungs.
The GSE per spin for an n-leg KN ladder to the 4th order of
the perturbation expansion in the PCUT approach is obtained
εladder =
Eladder0
2nL
= −3
8
− λ
2
4
[
(η2x + η
2
y + η
2
z) + x
2 (n− 1)
n
(η
′2
x + η
′2
y + η
′2
z )
]
− 3λ
3
4
[
ηxηyηz +
(n− 1)
n
η
′
xη
′
yη
′
z
]
+
λ
4
16
[
8x2
(n− 1)
n
(η2x + η
2
y + η
2
z)(η
′2
x + η
′2
y + η
′2
z ) + 3x
4 (n− 1)
n
(η
′2
x + η
′2
y + η
′2
z )
2 + 2(ηxηy)
2 + 2(ηxηz)
2
+2(ηyηz)
2 − η4x − η4y − η4z −
(n− 1)
n
(32x2 + 4x4)(η
′4
x + η
′4
y + η
′4
z )− 4x4
(n− 1)
n
((η
′
xη
′
y)
2 + (η′xη
′
z)
2 + (η′yη
′
z)
2)
]
.
(18)
The above equation reduces to the energy of the one-
dimensional KN model for n = 1 and also for x = 0. It should
be noted that Eq. (18) has been calculated for the isotropic lo-
cal interaction α = 0.
C. Excitation spectrum
The one-magnon dispersion can be obtained using PCUT.
The lowest excited energy is created by exciting a singlet
dimer to a triplet in the ground state of Kondo-singlet. Let us
represent the one-triplet state by |j〉 = |s, s, · · · , tj , · · · , s〉,
where the singlet dimer at position j has been replaced by a
triplet state. Among the three states in the triplet set (t±, t0),
the energy of t± is lower than t0. Thus we choose either
t+ or t− for constructing the one-triplet state. By virtue of
[Heff , Q] = 0, the effective Hamiltonian conserves the num-
ber of triplets. Indeed, in the one-particle sector the local exci-
tation (triplet) propagates through the lattice. The one-triplet
states |j〉 are used to build a basis for the one-particle sec-
tor. Since the Hamiltonian conserves the number of triplets,
all states with a single triplet have the same energy. Hence,
the linear combination of all one-triplet states at different po-
sitions is an elementary excited state represented by |k〉 (a
magnon for a d-dimensional hypercubic periodic lattice)
|k〉 = 1√
Ld
∑
r
eik.r|ss · · · s, t+
r
, s · · · ss〉. (19)
The dispersion of the magnon spectrum is calculated by the
following equation:
ω(k) = 〈k|Heff |k〉 − E0. (20)
Due to the existence of a triplet dimer in the excited state,
the calculation of Eq. (20) increases dramatically for the 4th
order of perturbation. Thus we restricted our calculation to the
3rd order of perturbation for the one-magnon spectrum. The
magnon dispersion of the one-dimensional model is expressed
by the following relation (with ηx = ηy = 1):
ω1(k) =1 + λ[4α+ 2 cos(kx)]− λ2[ηz2 − 4ηz cos(kx) + cos(2kx)]
+ λ
3
[−17
2
α+ 4α cos(2kx)− 5 cos(kx) + cos(3kx) + 13
4
ηz + 2ηz cos(2kx)− 7
2
ηz
2 cos(kx)]. (21)
Note that in contrast to the GSE, the spatial dimension does
not enter directly into the dispersion of magnons, because the
calculation depends on the position of the ground state triplet
(excited dimer). A similar calculation leads to the magnon dis-
persion for two- and three-dimensional hypercubic lattice—
see Appendix B.
The minimum of the magnon energy defines the energy gap,
which appears at the antiferromagnetic wave vector kx = π
for the one-dimensional model and gives
G1 =
1
2
+
∆
2
+ λ[−2] + λ2[ 25
16
− 9
16
∆ + 4ηz + ηz
2]
+ λ
3
[4 +
21
4
ηz +
7
2
ηz
2]. (22)
The gap G1 is always nonzero for the interested range of the
parameters (λ < 1), thus representing no magnetic order for
the one-dimensional model, whereas G2 and G3 behave dif-
ferently. The magnon dispersion of the two-dimensional lat-
tice is plotted in Fig. 3 for λ = 0.5, (ηx, ηy, ηz) = (1, 1, 0),
6FIG. 3. Contour plot of the gap function G2(kx, ky) of the two-
dimensional KN model. The gap obtains its minimum at (π, π). The
corresponding parameters are λ = 0.5, (ηx, ηy , ηz) = (1, 1, 0), and
α = 0.
and α = 0. The excitation energy obtains its minimum at
k = (π, π), which verifies the antiferromagnetic ordering.
For the two-dimensional lattice, the energy gap is given by
G2 = ∆−4λ−λ2[8ηz+2η2z+10∆−4]+λ
3
[21η2z+40ηz−1].
(23)
Similar calculations show that for three-dimensional lattice
the excitation energy is minimized at the antiferromagnetic
vector k = (π, π, π), where the energy gap is
G3 =− 1
2
+
3
2
∆− 6λ+ λ2(−57
2
− 12ηz + 3η2z +
27
2
∆)
(24)
+ λ
3
(
135
2
− 69ηz + 105
2
η2z). (25)
The analysis of G2 and G3 are given in the next section
where the associated quantum critical point is recognized at
the position of vanishing gap. Some caution should be taken
about the accuracy and convergence of the gap by increasing
orders of perturbation. The smaller parameters λ and α in the
perturbed Hamiltonian in Eq. (10), the more accurate results
would be. For example, for gap functions the limit λ → 0
and ∆ → 1 should be taken simultaneously; otherwise, the
perturbation expansion breaks down.
IV. QUANTUM PHASE TRANSITION
The QPT in the KN model is a competition between the
Kondo-singlet phase and the antiferromagnetic long range or-
der. The U(1)-symmetric one-dimensional model is always in
the Kondo-singlet phase for any value of λ23,29, which agrees
with the nonzero gap G1 obtained in Eq. (22). However, the
Z2-symmetric one-dimensional model exhibits a QPT to the
antiferromagnetic order at λc = 2.22 for the Ising interaction
between τ -spins, i.e., ηx = ηy = 0 and ηz = 125.
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FIG. 4. The energy gap G2 vs. λ for different values of ∆, and for
(ηx, ηy , ηz) = (1, 1, 0) in the two-dimensional lattice.
Unlike the one-dimensional model, both two- and three-
dimensional KN Hamiltonian with U(1) symmetry show a
QPT from the disordered Kondo-singlet to the antiferromag-
netic ordered phase23,26,29. The quantum critical point de-
pends on the anisotropy parameters; however, λc < 1 for both
cases. This observation supports our approach to study the
QPTs in the KN model by PCUT.
We study the QPT of the KN model by using two differ-
ent criteria: i. the closure of gap (where the gap vanishes at
a quantum critical point), ii. the derivative of bipartite entan-
glement (which could show a singular behavior at a quantum
critical point). It should be re-emphasized that PCUT gives
results for the thermodynamic limit (L → ∞), although its
accuracy is given by the order of perturbation.
A. Energy gap
We obtain the quantum critical point of the two- and three-
dimensional KN model for different values of the anisotropy
parameters. Figures 4 and 5 depict the energy gap of the
two- and three-dimensional models [Eqs. (23) and (25)], re-
spectively. Different plots belong to different anisotropy val-
ues (∆). This dependence instead implies dependence of the
quantum critical point on ∆. For the two-dimensional model,
the results from other methods such as the mean-filed23 and
Green’s function26 approaches are also available. Table II
summarizes this ∆-dependence of the mentioned methods.
The results of all methods are in agreement with each other
(except at small values of ∆). It is seen that as the anisotropy
parameter∆ on the bonds increases, the phase transition at the
critical point λc occurs at higher values. This is plausible be-
cause the gap between singlet and triplet states increases with
∆. Thus a higher λc is needed to close the gap and drive the
Kondo-singlet phase to the antiferromagnetic phase.
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FIG. 5. Energy gap G3 vs. λ for different values of ∆ and ηx =
ηy = 1, ηz = 0 in the three-dimensional lattice.
B. Concurrence
The role of entanglement in characterizing QPT has been
exhaustively studied in the past few years. In particular, in
Ref. 19 it has been shown that “concurrence” (as a measure
of bipartite entanglement)17—although a local quantity—can
signal QPT of some physical models. Specifically, it has been
illustrated that the derivative of concurrence with respect to
the control parameter diverges at the quantum critical point of
the Ising model in a transverse magnetic field. Such divergent
behavior is a signature of QPT, while it does not reveal directly
the type of ordering beyond the critical point. In this exam-
ple, finite-size scaling and critical exponents coincide with the
universality class of the associated phase transition. The non-
analytic behavior of quantum correlations (encapsulated in en-
tanglement) has been discussed for spin models and itinerant
systems in several previous works30–38.
Concurrence of a pair of spin-1/2 is obtained by the fol-
lowing expression:
C = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}, (26)
where λ1 6 λ2 6 λ3 6 λ4 are the eigenvalues of the matrix
̺AB ˜̺AB , in which ̺AB is the reduced density matrix for the
pair labeled by A and B, and ˜̺AB = σyA ⊗ σyB̺∗ABσyA ⊗ σyB .
Note that the reduced density matrix can be written in terms
of two-point correlation functions as
̺AB =
1
4
3∑
i,j=0
〈σiA ⊗ σjB 〉ABσiA ⊗ σjB, (27)
where (σ0, σ1, σ2, σ3) ≡ (1 , σx, σy, σz).
Now we aim to calculate concurrence for the KN model
with the objective of finding potential quantum critical
point(s) and its (their) dependence on the anisotropy param-
eters. The factor (1/2)σA(B) in Eq. (27) can be either s or τ
spins defined in the KN Hamiltonian. We define the follow-
ing generating functions to calculate the correlation functions
TABLE II. The quantum critical point for different values of the
anisotropy parameter ∆ in the two-dimensional KN model. The (gap
closure) PCUT results are compared with the corresponding results
from the mean-field23 (MF) and Green’s function26 (GF) approaches.
∆ 0.2 0.4 0.6 0.8 1.0
λc (PCUT) 0.2 0.40 0.56 0.68 0.77
λc (MF) 0.42 0.50 0.56 0.63 0.70
λc (GF) 0.39 0.46 0.52 0.58 0.65
from the GSE (obtained in the previous section):
τβi τ
β
j =
1
dλLd
∂H
∂ηβ
, (28)
τzi s
z
i =
1
dλLd
∂H
∂α
, (29)
hence we obtain
〈τβi τβj 〉 =
1
dλLd
∂E0
∂ηβ
, (30)
〈τzi szi 〉 =
1
dλLd
∂E0
∂α
. (31)
The explicit expressions of the correlation functions in terms
of the model parameters for two neighboring spins are pre-
sented in Appendix C.
If we consider parity39, the definition of concurrence can be
simplified as
C = 2max[0, CI, CII], (32)
where
CI = |〈τxi τxj 〉+ 〈τyi τyj 〉| −
√
(
1
4
+ 〈τzi τzj 〉)2 −m2z, (33)
CII = |〈τxi τxj 〉 − 〈τyi τyj 〉|+ 〈τzi τzj 〉)2 −
1
4
, (34)
with mz is the staggered magnetization in the antiferromag-
netic case.
We consider two specific cases here. In the first case, the
ground state is supposed to have the Z2 symmetry, i.e., the
case of no spontaneous symmetry breaking. We find zero
magnetization for this ground state, that is, mα ≡ 〈τα〉 = 0.
Thus, concurrence between two neighboring spins of itinerant
electrons on the hypercubic lattice is given by the following
equation:
C =2max
[
0,
∣∣∣ ∑
β=x,y,z
〈τβi τβi+1〉
∣∣∣− 1
4
]
= 2max
[
0,
1
4
(ηx + ηy + ηz)λ+
3
8
(ηxηy + ηxηz + ηyηz)λ
2
+
λ
3
8
[
(4d− 1)(ηx + ηy + ηz)(η2x + η2y + η2z)
+ 2(ηxη
2
y + ηyη
2
x + ηxη
2
z + ηzη
2
x + ηyη
2
z + ηzη
2
y)
+ 4(4d− 3)(η3x + η3y + η3z)
]− 1
4
]
. (35)
8TABLE III. The GSE per site at different orders of PCUT for the one-
dimensional KN model with (ηx, ηy , ηz) = (1, 1, 1) and ∆ = 1.
The relative correction is defined by |[ǫ(n+1) − ǫ(n)]/ǫ(n)|.
O(λ) ǫ(n) relative correction
n = 2 −0.421875000
n = 3 −0.433593750 0.02777778
n = 4 −0.432861328 0.00168919
n = 5 −0.430114746 0.00634518
n = 6 −0.428932190 0.00274940
n = 7 −0.429188808 0.00059827
n = 8 −0.429747449 0.00130162
From this equation it can be seen for λ < 1, concurrence
vanishes for one-, two-, and three-dimensional lattices. This
shows that concurrence is not a conclusive tool for present-
ing QPT in the KN model, which supports previous results for
a one-dimensional KN-model41. In other words, the correla-
tions responsible for QPT of the KN model are not of bipartite
nature captured by concurrence. The reason should be related
to the presence of multipartite entanglements, which cannot
be observed by concurrence.
V. SUMMARY AND DISCUSSIONS
We applied the perturbative continuous unitary transfor-
mation (PCUT) to study quantum phase transitions and
anisotropy effects in the Kondo-necklace model. The advan-
tage of PCUT is that it gives the results for the thermodynamic
limit, hence it evades finite-size effects. However, it is essen-
tially a perturbative approach and the accuracy of its results
depends on the order of perturbation used to calculate the ef-
fective Hamiltonian. We thus obtained the effective Hamil-
tonian and thereby the ground-state energy to the 4th order
of perturbation. A systematic calculation of higher orders of
perturbation is also possible.
We also have calculated the ground-state energy up to
O(λ4) for the hypercubic Kondo-necklace model in one, two,
and three dimensions as well as for the n-leg ladder. To jus-
tify the accuracy of the PCUT results, we have compared the
ground state energy per site for the one-dimensional model
with the Lanczos results—see Table I. The Lanczos compu-
tations performed for a chain up to 24 spins. The finite-size
scaling analysis on the Lanczos results shows only a small
finite-size effect, which implies that the results for 2L = 24
already exhibited a good approximation of the expected val-
ues in the thermodynamic limit.
Additionally, in order to justify the accuracy of the PCUT
results, we have been performed numerical computations12,13
for the ground state energy of the one-dimensional Kondo-
necklace model with anisotropic parameters (ηx, ηy, ηz) =
(1, 1, 1) and ∆ = 1 up to the 8th order of perturbation. We
have calculated the relative correction of successive orders
of perturbation |[ǫ(n+1) − ǫ(n)]/ǫ(n)| (see Table III), which
demonstrated the accuracy of the perturbative calculations for
λ = 1. It has to be mentioned that λ = 1 shows the worst case
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
λ
-0.5
-0.49
-0.48
-0.47
-0.46
-0.45
-0.44
-0.43
-0.42
-0.41
-0.4
-0.39
-0.38
-0.37
ε
1d
n = 2
n=3
n=4
n=10
n=100
2d
3d
FIG. 6. The GSE per site for the one-, two-, three-dimensional hy-
percubic KN model, and the n-leg ladder.
in the perturbation scheme and we would expect better accu-
racy for smaller parameter (λ < 1). Higher orders of perturba-
tion improve the accuracy of the ground-state energy, however
we get three digits of accuracy if we keep the 4th order correc-
tion in the ground-state energy. Hence, we conclude that the
calculation up to O(λ4) gives reliable data for our analysis,
which has been taken into account in this article. Moreover,
the 4th order correction is given in a closed analytical form,
while higher orders can only be obtained numerically. The
analytic form has the benefit to define generating functions in
terms of derivatives of the couplings, which would lead to the
calculation of correlation functions and concurrence.
The excitation energies of the Kondo-necklace model and
the dispersion relations were obtained analytically within
the PCUT formalism. The minimum of the excitations de-
fines the energy gap, which vanishes at the quantum critical
point. The quantum critical points of the two- and three-
dimensional Kondo-necklace model and their dependence on
the anisotropy parameter ∆ were presented in Table II and
Figs. 4 and 5. Both figures showed that the associated critical-
ity depends relatively strongly on ∆. More information on the
nature of quantum phase transition(s) in the Kondo-necklace
model can be obtained by computing entanglement in the sys-
tem. Thus, we calculated concurrence without spontaneous
symmetry breaking (a measure of bipartite entanglement) in
the PCUT formalism through calculating generating functions
of two-point correlation functions. For λ < 1, we always
obtained zero for the value of the concurrence. This implies
concurrence is not sensitive to the quantum phase transition in
TABLE IV. Quantum critical points (λc) of the isotropic two- and
three-dimensional KN model obtained by the mean-field23 (MF),
Green’s function26 (GF), and zero gap through PCUT (G2 = 0 or
G3 = 0).
λc MF GF PCUT
d = 2 0.70 0.65 0.77
d = 3 0.40 – 0.59
9Kondo-necklace model in agreement with the results reported
for one-dimensional Kondo-necklace model41. This can be in-
terpreted as the presence of multipartite entanglement close to
the quantum critical point which can be deduced with other
measures of entanglement i.e. von Neumann block entropy41.
We have also studied concurrence in the presence of sponta-
neous symmetry breaking—as suggested in Ref. 40 for the
generalized entanglement entropy—which did not change our
results, i.e., zero value of concurrence for λ < 1. We have im-
posed spontaneous symmetry breaking explicitly via a mean-
field value for the staggered magnetization that has not been
shown here.
The calculated values of the quantum critical point λc for
the two- and three-dimensional models are less than one. In
fact, λc ≪ 1 (λc < 1) justifies the accuracy of PCUT.
We should note that away from the critical point the per-
turbation series converges even at low orders of perturba-
tion, but it hardly converges close to the critical point. De-
spite this shortcoming of perturbation theory close to critical
point, the results for critical points summarized in Table IV
are in good agreements with other approaches. The mean-
field approach for d = 123 yields a Kondo-singlet phase for
the whole range of λ, hence, no quantum phase transition.
One can argue based on a general qualitative description no
quantum phase transition occurs for the U(1)-symmetric one-
dimensional Kondo-necklace model because no long-range
order for both extreme limits of λ is seen: λ = 0 gives the
Kondo-singlet state and λ→∞ leads to the one-dimensional
spin-1/2 XXZ model, which has a spin-fluid ground state1
with no long-range order. Thus the very existence of a quan-
tum phase transition in the one-dimensional model is not jus-
tified; this still requires more exhaustive analysis. In contrast,
the Z2-symmetric Kondo-necklace model shows a quantum
phase transition from the Kondo-singlet phase to the antifer-
romagnetic ordered phase25.
A particularly interesting result of our formalism is an ob-
servation about the n-leg ladder. The plot of the ground-
state energy per spin (ε) for the n-leg ladder in addition to
the one-, two-, and three-dimensional models in Fig. 6 in-
dicates that for the ladder the values of ε are visibly more
similar to its value for d = 2 rather than for d = 1. Clearly,
the ground-state energy per spin reaches the two-dimensional
values in the n → ∞ limit. It can be understood from
Eqs. (16) and (18) in which some extra terms of the ladder
ground-state energy will be omitted for n = 1. Moreover,
similar to the two-dimensional model, the concurrence of lad-
der without spontaneous symmetry breaking does not show
a singular derivative, manifesting that bipartite entanglement
does not indicate a possible quantum phase transition. We
thus conclude that the n-leg Kondo-necklace model exhibits
a quantum phase transition from the Kondo-singlet phase
to the antiferromagnetic-ordered state, similarly to the two-
dimensional Kondo-necklace model. However, we caution
that the perturbative nature of PCUT and the 4th order cal-
culations implemented here could lead to artifacts. Thus more
careful investigation on the delicate question of crossover
from one to two spatial dimensions is still necessary.42
Acknowledgments.—We thank S. Mahmoudian for fruitful
discussions. This work was supported in part by Sharif Uni-
versity of Technology’s Center of Excellence in Complex Sys-
tems and Condensed Matter and the Office of Vice President
for Research. A. L. acknowledges partial support from the
Alexander von Humboldt Foundation.
1 S. Sachdev, Quantum Phase Transitions (Cambridge University
Press, Cambridge, 2000).
2 M. A. Nielsen and I. L. Chuang, Quantum Computation and
Quantum Information (Cambridge University Press, Cambridge,
2000).
3 P. Calabrese and J. Cardy, J. Stat. Mech. P06002 (2004); J. Phys.
A: Math. Theor. 42, 504005 (2009).
4 J. Eisert, M. Cramer, and M. B. Plenio, Rev. Mod. Phys. 82, 277
(2010).
5 M. Levin and X.-G. Wen, Phys. Rev. Lett. 96, 110405 (2006).
6 A. Kitaev and J. Preskill, Phys. Rev. Lett. 96, 110404 (2006).
7 H. Tsunetsugu, M. Sigrist, and K. Ueda, Rev. Mod. Phys. 69, 809
(1997).
8 A. C. Hewson, The Kondo Problem to Heavy Fermions (Cam-
bridge University Press, New York, 1993).
9 S. Doniach, Physica 91B, 231 (1977).
10 R. T. Scalettar, D. J. Scalapino, and R. L. Sugar, Phys. Rev. B 31,
7316 (1985).
11 S. Moukouri, L. G. Caron, C. Bourbonnais, and L. Hubert, Phys.
Rev. B 51, 15920 (1995).
12 C. Knetter and G. S. Uhrig, Eur. Phys. J. B 13, 209 (2000).
13 C. Knetter, K. P. Schmidt, and G. S. Uhrig, J. Phys. A: Math. Gen.
36, 7889 (2003).
14 F. Wegner, Ann. Phyzik. 3, 77 (1994).
15 S. D. Glazek and K. G. Wilson, Phys. Rev. D 48, 5863 (1993).
16 S. D. Glazek and K. G. Wilson, Phys. Rev. D 49, 4214 (1994).
17 W. K. Wootters, Phys. Rev. Lett. 80, 2245 (1998); C. H. Bennett,
D. P. DiVincenzo, J. A. Smolin, and W. K. Wootters, Phys. Rev.
A 54, 3824 (1996).
18 A. Saguia and M. S. Sarandy, Phys. Rev. A 67, 012315 (2003).
19 A. Osterloh, L. Amico, G. Falci, and R. Fazio, Nature 416, 608
(2002).
20 M. Kargarian, R. Jafari, and A. Langari, Phys. Rev. A 76, 60304
(R) (2007); ibid. 77, 032346 (2008).
21 L. Amico and R. Fazio, J. Phys. A: Math. Theor. 42, 504001
(2009).
22 J. J. Mendoza-Arenas, R. Franco, and J. Silva-Valencia, Phys.
Rev. B 81, 035103 (2010); Phys. Rev. A 81, 062310 (2010).
23 A. Langari and P. Thalmeier, Phys. Rev. B 74, 024431 (2006).
24 P. Thalmeier and A. Langari, Phys. Rev. B 75, 174426 (2007).
25 S. Mahmoudian and A. Langari, Phys. Rev. B 77, 024420 (2008).
26 H. Rezania, A. Langari, and P. Thalmeier, Phys. Rev. B 74,
094438 (2008).
27 E. Dagotto and T. M. Rice, Science 271, 681 (1996).
28 A. Mielke, Eur. Phys. J. B 5, 605 (1998).
29 Q. Gu, Phys. Rev. B 66, 052404 (2002).
30 L.-A. Wu, M. S. Sarandy, and D. A. Lidar, Phys. Rev. Lett. 93,
250404 (2004).
10
31 G. Vidal, J. I. Latorre, E. Rico, and A. Kitaev, Phys. Rev. Lett. 90,
227902 (2003).
32 J. Vidal, G. Palacios, and R. Mosseri, Phys. Rev. A 69, 022107
(2004).
33 T. J. Osborne and M. A. Nielsen, Phys. Rev. A 66, 032110 (2002).
34 I. Bose and E. Chattopadhyay, Phys. Rev. A 66, 062320 (2002).
35 F. Verstraete, M. Popp, and J. I. Cirac, Phys. Rev. Lett. 92, 027901
(2004).
36 P. Zanardi and X. Wang, J. Phys. A: Math. Gen. 35, 7947 (2002).
37 S.-J. Gu, S.-S. Deng, Y.-Q. Li, and H.-Q. Lin, Phys. Rev. Lett. 93,
086402 (2004).
38 A. Anfossi, P. Giorda, and A. Montorsi, Phys. Rev. B 75, 165106
(2007).
39 L. Amico, R. Fazio, A. Osterloh, and V. Vedral, Rev. Mod. Phys.
80, 2517 (2008).
40 T. R. de Oliveira, G. Rigolin, M. C. de Oliveira, and E. Miranda,
Phys. Rev. A. 77, 032325 (2008).
41 Mendoza-Arenas, JJ and Franco, R and Silva-Valencia, Interna-
tional Journal of Modern Physics B. 24, 316165-6174 (2010).
42 N. Ghassemi, S. Hemmatiyan, M. Rahimi Movassagh, M. Kargar-
ian, A. T. Rezakhani, and A. Langari, A Bulletin of the American
Physical Society. 60 (2015).
Appendix A: Effect of the qn operators
TABLE V. Effect of qn on unperturbed bipartite eigenstates. Here |s〉 represents a singlet state on a dimer, while |tν〉 represents a triplet on a
dimer with ν = 0,±1 as its total z-component spin.
4q0
|s, s〉 −→ −2α|s, s〉
|t±1, s〉 −→ 1
2
(ηx + ηy)|s, t
±1〉 − 1
2
(ηx − ηy)|s, t
∓1〉
|s, t±1〉 −→ 1
2
(ηx + ηy)|t
±1, s〉 − 1
2
(ηx − ηy)|t
∓1, s〉
|t0, s〉 −→ −2α|t0, s〉+ ηz|s, t
0〉
|s, t0〉 −→ −2α|s, t0〉+ ηz|t
0, s〉
|t0, t0〉 −→ −2α|t0, t0〉+ 1
2
(ηx + ηy)(|t
1, t−1〉+ |t−1, t1〉) + 1
2
(ηx − ηy)(|t
1, t1〉+ |t−1, t−1〉)
|t±1, t±1〉 −→ (2α+ ηz)|t
±1, t±1〉+ 1
2
(ηx − ηy)|t
0, t0〉
|t±1, t∓1〉 −→ (2α− ηz)|t
±1, t∓1〉+ 1
2
(ηx + ηy)|t
0, t0〉
|t±1, t0〉 −→ 1
2
(ηx + ηy)|t
0, t±1〉+ 1
2
(ηx − ηy)|t
0, t∓1〉
|t0, t±1〉 −→ 1
2
(ηx + ηy)|t
±1, t0〉+ 1
2
(ηx − ηy)|t
∓1, t0〉
4q1
|t±1, s〉 −→ ±ηz|t
±1, t0〉 ∓ 1
2
(ηx + ηy)|t
0, t±1〉 ± 1
2
(ηx − ηy)|t
0, t∓1〉
|s, t±1〉 −→ ±ηz|t
0, t±1〉 ∓ 1
2
(ηx + ηy)|t
±1, t0〉 ± 1
2
(ηx − ηy)|t
∓1, t0〉
|t0, s〉 −→ 1
2
(ηx + ηy)(|t
1, t−1〉 − |t−1, t1〉) + 1
2
(ηx − ηy)(|t
−1, t−1〉 − |t1, t1〉)
|s, t0〉 −→ −1
2
(ηx + ηy)(|t
1, t−1〉 − |t−1, t1〉) + 1
2
(ηx − ηy)(|t
−1, t−1〉 − |t1, t1〉)
4q2
|s, s〉 −→ ηz|t
0, t0〉 − 1
2
(ηx + ηy)(|t
1, t−1〉+ |t−1, t1〉) + 1
2
(ηx − ηy)(|t
−1, t−1〉+ |t1, t1〉)
4q−1
|t±1, t±1〉 −→ ∓ 1
2
(ηx − ηy)(|t
0, s〉+ |s, t0〉)
|t±1, t∓1〉 −→ ± 1
2
(ηx − ηy)(|t
0, s〉 − |s, t0〉)
|t±1, t0〉 −→ ±ηz|t
±1, s〉 ∓ 1
2
(ηx + ηy)|s, t
±1〉 ∓ 1
2
(ηx − ηy)|s, t
∓1〉
|t0, t±1, 〉 −→ ±ηz|s, t
±1〉 ∓ 1
2
(ηx + ηy)|t
±1, s〉 ∓ 1
2
(ηx − ηy)|, t
∓1s〉
4q−2
|t±1, t±1〉 −→ 1
2
(ηx − ηy)|s, s〉
|t0, t0〉 −→ ηz|s, s〉
|t±1, t∓1〉 −→ − 1
2
(ηx + ηy)|s, s〉
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Appendix B: Spectrum of two- and three-dimensional model
The excitation spectrum of the two-dimensional model is given by the following equation:
ω(k) =1 + λ
(
2[cos(kx) + cos(ky)] + 8α
)
− λ2
(
− 4ηz[cos(kx) + cos(ky)] + cos(2kx) + 2[cos(kx + ky) + cos(kx − ky)]
+ cos(2ky) + 2η
2
z
)
+ λ
3
(
− 21η
2
z + 23
2
[cos(kx) + cos(ky)] + 3[cos(kx + 2ky) + cos(kx − 2ky) + cos(2kx + ky)
+ cos(2kx − ky)] + cos(3kx) + cos(3ky) + (16α+ 8ηz)[cos(kx + ky) + cos(kx − ky)] + 16ηz + 32α− 10
)
. (B1)
where (kx, ky) represents the momentum components.
The one-magnon spectrum of the three-dimensional model is given by the following expression:
ω(k) = 1+λ[2a1+12α]−λ2[3ηz2−4ηza1+2a3+a2]+λ3[−72α+(12α+4ηz)a2+(24α+8ηz)a3− 5
2
a1(9+7η
2
z)+9ηz], (B2)
in which
a1 = cos(kx) + cos(ky) + cos(kz),
a2 = cos(3kx) + cos(3ky) + cos(3kz),
a3 = cos(kx + ky) + cos(kx − ky) + cos(kx + kz) + cos(kx − kz) + cos(ky + kz) + cos(ky − kz).
Appendix C: Correlation functions
The correlation function of the nearest-neighbor spins on the d-dimensional hypercubic KN lattice can be obtained via the gen-
erating functions defined in Eq. (29). The correlations functions have simple forms for the isotropic case in the local interactions
α = 0 (∆ = 1)
〈τxi τxi+1〉 = −
1
4
ηxλ− 3
8
ηyηzλ
2
+
λ
3
32
[−8ηx(η2y + η2z) + 4(4d− 1)ηx(η2x + η2y + η2z)− 16(4d− 3)η3x], (C1)
〈τyi τyi+1〉 = −
1
4
ηyλ− 3
8
ηxηzλ
2
+
λ
3
32
[−8ηy(η2x + η2z) + 4(4d− 1)ηy(η2x + η2y + η2z)− 16(4d− 3)η3y ], (C2)
〈τzi τzi+1〉 = −
1
4
ηxλ− 3
8
ηxηyλ
2
+
λ
3
32
[−8ηz(η2x + η2y) + 4(4d− 1)ηz(η2x + η2y + η2z)− 16(4d− 3)η3z ]. (C3)
The analytical expression for the local correlation functions between the impurity spin (s) and the spin on the lattice (τ ) are
in the following form:
〈τxi sxi 〉 = −
1
4
+
d
4
(η2y + η
2
z)λ
2 − dλ3ηxηyηz , (C4)
〈τyi syi 〉 = −
1
4
+
d
4
(η2x + η
2
z)λ
2 − dλ3ηxηyηz , (C5)
〈τzi szi 〉 = −
1
4
+
d
4
(η2x + η
2
y)λ
2 − dλ3ηxηyηz . (C6)
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The correlation functions for the n-leg ladder are as follows:
〈τx1,iτx1,i+1〉 =−
λ
4
ηx − 3λ
2
8
ηyηz +
λ
3
8
[3ηx(η
2
x + η
2
y + η
2
z) + 4ηxx
2 (n− 1)
n
(η
′2
x + η
′2
y + η
′2
z )− 2ηx(η2y + η2z + 2η2x)
− 16(n− 1)
n
x2(ηx)(η
′2
x )], (C7)
〈τy1,iτy1,i+1〉 =−
λ
4
ηy − 3λ
2
8
ηxηz +
λ
3
32
[3ηy(η
2
x + η
2
y + η
2
z) + 4ηyx
2 (n− 1)
n
(η
′2
x + η
′2
y + η
′2
z )− 2ηy(η2x + η2z + 2η2y)
− 16(n− 1)
n
x2(ηy)(η
′2
y )], (C8)
〈τz1,iτz1,i+1〉 =−
λ
4
ηz − 3λ
2
8
ηxηy +
λ
3
8
[3ηz(η
2
x + η
2
y + η
2
z) + 4ηzx
2 (n− 1)
n
(η
′2
x + η
′2
y + η
′2
z )− 2ηz(η2x + η2y + 2η2z)
− 16(n− 1)
n
x2(ηz)(η
′2
z )], (C9)
〈τx1,iτx2,i〉 =−
λ
4
η
′
x −
3x3λ
2
8
η
′
yη
′
z +
λ
3
8
[4x2η
′
x(η
2
x + η
2
y + η
2
z) + 3x
4η
′
x(η
′2
x + η
′2
y + η
′2
z )
− 16x2(η′xη2x)− 2x4η
′
x(η
′2
y + η
′2
z )− 4x4η
′3
x ], (C10)
〈τy1,iτy2,i〉 =−
λ
4
η
′
y −
3x3λ
2
8
η
′
xη
′
z +
λ
3
8
[4x2η
′
y(η
2
x + η
2
y + η
2
z) + 3x
4η
′
y(η
′2
x + η
′2
y + η
′2
z )
− 16x2(η′yη2y)− 2x4η
′
y(η
′2
x + η
′2
z )− 4x4η
′3
y ], (C11)
〈τz1,iτz2,i〉 =−
λ
4
η
′
z −
3x3λ
2
8
η
′
xη
′
y +
λ
3
8
[4x2η
′
z(η
2
x + η
2
y + η
2
z) + 3x
4η
′
z(η
′2
x + η
′2
y + η
′2
z )
− 16x2(η′zη2z)− 2x4η
′
z(η
′2
x + η
′2
y )− 4x4η
′3
z ]. (C12)
